n matrices over R all of whose diagonal entries are 1. For i s 1, 2, . . . , n y 1, let S i denote the matrix whose only nonzero off-diagonal entry is a 1 in the ith row and Ž . Ž . i q 1 st column. Then for any integer m including m s 0 , it is easy to see that Ž . the S generate Unip ZrmZ . Reiner gave relations among the S which he i n i Ž . conjectured gave a presentation for Unip Zr2Z . This conjecture was proven by n w Ž . x Biss Comm. Algebra 26 1998 , 2971᎐2975 and an analogous conjecture was made Ž . for Unip ZrmZ in general. We prove this conjecture, as well as a generalization n of the conjecture to unipotent groups over arbitrary rings. ᮊ 2001 Academic Press
INTRODUCTION AND PRELIMINARIES

Ž .
For a ring R with identity, we define the unipotent group Unip R to n be the group of n = n upper-triangular matrices over R with 1's along the Ž . diagonal. For i s 1, 2, . . . , n y 1, let S denote the matrix in Unip R i n whose only nonzero element above the diagonal is a 1 in the ith row and Ž . the i q 1 st column. It is easy to see that for any integer m, the set Ä 4 Ž . S , S , . . . , S generates Unip ZrmZ . In this paper, we prove the w x following theorem, conjectured by Biss 1 , giving We also prove a generalization of this theorem for unipotent groups over arbitrary rings R with identity. w x w x These results generalize theorems of Pavlov 8 and Levcuk 6 . In w x w particular, 8, Theorem 1 for the case R s ZrpZ with p prime and 6, x Theorem 1 for the general case give presentations whose generators are w all matrices with only one nonzero element off the diagonal. Also, 8, x Theorem 2 gives a presentation in the case R s ZrpZ with our generators. However, these presentations use many more relations than just Ž . Ž . 1 ᎐ 4 above; in particular, they include relations containing arbitrarily many of the s 's. In contrast, our relations are ''local'' in the sense that, i Ž . with the exception of relation 2 , each one involves at most three consecutive s 's.
i w x Our results also generalize a paper by Biss 1 that uses different w x methods to prove Theorem 1 in the case m s 2. The work in 1 was in w x turn motivated by discussions with Reiner 9 , who found a larger set Ž . of relations while investigating the restriction from GL Zr2Z to Ž . It is also possible to obtain presentations for Unip R from the fact n Ž that it is the unipotent subgroup of a Chevalley group see, for example, w x. 12 , but these presentations also have more generators and relations than the one we give. In fact, using results from group cohomology, we are able to prove that our presentation has a minimal number of both generators and relations for several rings, including R s ZrmZ for m odd and R s F for odd prime powers q. q We now present the notation that will be used throughout the paper. Fix Ä 4 m and n, and let G denote the abstract group with generators s , . . . , s that is surjective and hence indeed an inverse map to . This will i i complete the proof that is an isomorphism.
TECHNICAL DETAILS OF THE PROOF
In this section, we derive the relations that will be needed to complete the proof. To show that is well defined, we must verify that s i i qj commutes with . To show that is surjective, we will need to prove
This will allow us to manipulate elements in the
image of and show that they generate G rG . Since every relation is
invariant under the operation of incrementing the indices, it suffices to verify these facts for j s 1. Indeed, we often implicitly use the fact that if an equation is satisfied in the symbols s , . . . , s , then the analogous with s and s . For now, we check only the case of s . We have
Using the just-proven statement 1, we see that this is equal to s
which is what we wanted. We postpone the demonstration that s and Ž . Ž . Ž . Ž .
Cancelling the common terms on the left of the desired equality and y1 y1 y1 Ž . noting that s s s s s on the right-hand side since i G 3 , we see that
we need to show 
Once again using induction and Lemma 2, this statement is equivalent to w x w x y1 the fact that s , P and P, s commute; this follows from statement 3, For k s 0, . . . , n y 2, the generalized commutator s , . . . , n s i y 1. With i s i or i s i y 1 in these two cases, respec-
Ä 4 Ä 4 tively, we have n , . . . , n s i , . . . , i q k . In the first case we obtain However, the previous lemma shows that each generalized commutator w x s , . . . , s is in the subgroup of G rG generated by the . Hence
G rG is generated by the as desired.
The previous lemma shows that is surjective. Now to complete the i proof that is an isomorphism, it remains to prove that G ( U ( 1. Ž . 4 will hold in general by the invariance of the relations under the operation of incrementing all the indices. Ž . Since relation 4 is vacuous when n s 3, the previous section shows that the subgroup of G generated by s and s is isomorphic to 1 2 Ž . Unip ZrmZ . Thus any equation involving only s and s can simply be 3 12 checked in 3 = 3 matrices. Write A for the ring of rational numbers prq in reduced form with denominator q relatively prime to m. For a, b g A, we write a ' b if a y b has numerator divisible by m when written in Ž lowest terms. That is, A is the ring Z localized with respect to the integers . relatively prime to m and ' is congruence modulo the ideal mA. We have now collected enough facts to prove the desired result about Ž . Unip ZrmZ , which we restate below. 
THE MAIN THEOREM
The methods developed above can be used to produce a presentation of Ž . Unip R for any ring R with identity in terms of a presentation of R. Let n T be a set of generators for the additive group of R containing the multiplicative identity 1. For notational convenience, we place an arbitrary strict order $ on T. Let K be a set of additive relations Ýa и t s 0 on t Ž these generators which present the additive group of R. In any sum indexed by the elements of T, we assume that all but finitely many of the . coefficients are zero; similarly for products.
Ž . Ž . For any r g R, write S r for the matrix in Unip R whose only Ý t s t , s u s 1 for 1 F i -j y 1 F n y 2 and t , u g T ; 10
for i s 1, . . . , n y 2 and t g T ; 11
Ž .
for i s 1, . . . , n y 3 and t , u g T ; 12
Ž . 
Ž .
( R , and so any generating set for Unip R must be at least as large n ny 1 Ž . as the minimal generating set for R as an abelian group . However, it is easily seen from the classification of finitely generated abelian groups that a minimal generating set for R ny 1 must have n y 1 times as many elements as a minimal generating set for R.
The relationship between group cohomology and presentations is given w x by the following lemma, proven in 11, I.4.3 .
LEMMA 10. Let p be a prime number and let G be a p group. Then the minimal number of relations needed to present G is equal to the
. Now, it is very easy to compute H G, ZrpZ given knowledge of Ž . H G, Z , which is known as the Schur multiplier of G, and so the size of 2 the Schur multiplier has a great deal of control over the complexity of presentations of the group. This is unsurprising for the following reason. Suppose G ( FrK is a presentation of G, where F is a free group. Then Ž w x. it is known see, for example, 2 that the Schur multiplier is isomorphic to
Because of this formula, as well as other applications, the Schur multiplier is a well-studied object and has been computed in many situations applicable to this setting. For I s R s F , the following result is owing to q w x Evens 4 , and the general case follows from his arguments in a completely straightforward way.
LEMMA 11. Let q s p k be an odd prime power, let R be any ring, and let I ; R be an ideal with q elements. Then since I is still an abelian group with a Ž . distributi¨e multiplication, we can form the unipotent group Unip I . For a n Ž Ž . . minimal generating set T of I, the Schur multiplier H Unip I , Z of
Ž . Unip I is a sum of cyclic p groups with generators:
but since the additive group of R has rank r, we know that there are Ž . Ž . precisely r n y 1 relations in Eq. 9 . This completes the proof.
The rings R for which Theorem 3 holds do not include many of the rings for which the presentation of Theorem 2 is most appealing, for example, ZrmZ for m not equal to an odd prime power. Fortunately, however, we can deduce from Theorem 3 similar results about other rings. . grant number MDA-904-98-1-0523 . We thank Jacob Lurie for numerous enlightening discussions about this problem and extensive proofreading of the paper, and Dan Isaksen for pointing out the role played by lower central series.
